Differences in some traits between males and females, called sexual dimorphism, are observed among wild and livestock animals. For traits in which variances may be heterogeneous between sexes in some cases, evaluating the relevant genetic parameters, including genetic correlation between sexes, is an important topic requiring estimation of the components of (co)variances. This study developed a Bayesian approach via the Gibbs sampler to estimate the (co)variance components and genetic parameters of sexual dimorphism. As prior distributions, uniform, multivariate normal, two dimensional scaled inverted Wishart and independent scaled inverted chi-square distributions were used for the macro-environmental effects, breeding values, additive genetic (co)variances and residual variances, respectively. This approach was applied to beef carcass trait data, and the estimates of the (co)variance components and genetic parameters (especially the modes of the marginal posterior densities) were generally in agreement with those obtained using the restricted maximum likelihood procedure.
Introduction
Phenotypic differences between males and females, called sexual dimorphism, are often observed among vertebrate animal species. Natural or sexual selection pressurizing differently on males and females may lead to the evolution of sex-specific gene expression and sexual dimorphism of quantitative traits such as body size.
For resource animals, there are studies on sexual size dimorphism in poultry (Ganpule and Ricard, 1988; Singh et al., 1989; Mignon-Grasteau et al., 1998) , in beef cattle Van Vleck and Cundiff, 1998) , in sheep (Näsholm, 2004) , in swine (Crump et al., 1997; Zhang et al., 2000) , and in aquaculture species (Kause et al., 2003; Rutten et al., 2005; Nguyen et al., 2007) , especially from the viewpoint of improving economically important traits. To understand the inheritance of quantitative traits that show sexual dimorphism, it is important to estimate the genetic correlation between males and females. In these traits, additive genetic and/or residual variances for each sex may sometimes be heterogeneous Näsholm, 2004) .
For estimation of the relevant parameters on sexual size dimorphism and/or heterogeneous variances, the restricted maximum likelihood (REML) procedure (Patterson and Thompson, 1971 ) using the so-called individual animal model is the method of choice in recent years. Following the studies of Schaeffer et al. (1978) and Gianola (1986) , Arakawa and Iwaisaki (2008) developed a computational procedure of the average information (AI) algorithm (Johnson and Thompson, 1995; Gilmour et al., 1995; Jensen et al., 1997; Ashida and Iwaisaki, 1998) for estimation of the genetic parameters concerning sexual size dimorphism. The REML procedure using the AI algorithm has desirable properties including rapid convergence, but requires relatively heavy matrix operations including calculation of the inverse of the coefficient matrix of the mixed model equations. In analyzing a large dataset of livestock animals, therefore, a large memory space and very heavy computational burden are required. In addition, standard errors of the REML estimates which are provided using the information on the inverse of the AI matrix are an approximation due to the large sample theory.
The Bayesian method via Gibbs sampling (Geman and Geman, 1984; Gelfand and Smith, 1990 ) has been proposed for estimating the (co)variance components in quantitative genetics (Wang et al., 1994b; van Tassell and Van Vleck, 1996) . The inverse of the coefficient matrix of mixed model equations is not needed for the single-site Gibbs sampler (Wang et al., 1994b) .
Thus, it is relatively easy to apply Gibbs sampling for inferences of genetic parameters.
Following a recent study (Arakawa and Iwaisaki, 2008) , we developed a Bayesian procedure using the Gibbs sampling scheme to estimate heterogeneous variances for each sex, genetic covariance between sexes and the relevant genetic parameters. Using beef carcass data, we then compared the estimates obtained using the current approach with the REML estimates.
Methods

Model used
We used the following individual animal model in the fields of animal genetics and breeding 
where yi is a vector of order ni of observations for the ith sex, bi is a vector of order pi of the macro-environmental effects, ui is a vector of order q of the breeding values (additive genetic values) of animals, ei is a vector of order ni of the residuals, and Xi and Zi are incidence matrices of orders ni by pi and ni by q relating bi and ui to yi, respectively. In frequentist Jpn J Biomet Vol. 31, No. 2, 2010 analyses such as the mixed model method, bi and ui are defined as 'fixed effects' and 'random effects', respectively.
Here, rewriting eq.(1), we treat the following form:
with where gii and rii (i = 1, 2) are additive genetic and residual variances for the ith sex and g12 is an additive genetic covariance for two sexes, In i (i = 1, 2) is the identity matrix of orders ni by ni, and A is an additive genetic relationship matrix among animals whose element is twice the probability of identical by descent occurring in two individuals and is constructed using known pedigree information. We here assume that the residual covariance for sexes is nil.
Mixed model equations (MME) of Henderson (1984) are of form: 0
We rewrote the MME in eq.(3) as
with
Likelihood, prior distributions and joint posterior distribution
y is assumed to follow a multivariate normal distribution (MVN ) given θ and R:
and the density function is
To perform the Bayesian analysis, prior distributions must be assigned to the unknown parameters. We used a flat prior distribution for macro-environmental effects, so as to represent lack of prior knowledge about these parameters. Because the MVN distribution used as the prior distribution corresponds to the assumptions made about random effects in the linear mixed model, we chose the MVN distribution given G0 and A for breeding values, so:
and the density function of the breeding values is expressed as
As prior distributions for genetic (co)variances, we assigned two dimensional scaled inverted Wishart distribution (IW ) given the degree of belief parameter (υg) and the scale parameter matrix (Sg) of order 2 by 2 interpreted as a priori values, so that we use:
with the respective density being
As for the residual variances, independent scaled inverted chi-square distributions (χ −2 ) given υr ii and Sr ii (i = 1, 2), which are the degrees of belief and the scale parameters, respectively, are used, so that we have:
and the density function of residual variance is expressed as
Using the Bayes theorem, the joint posterior distribution of the unknowns is proportional to the product of the likelihood function and the prior distributions and can be expressed as follows:
The full conditional posterior distributions
Marginal posterior inferences on the parameters of our interest via Gibbs sampling were obtained through successive sampling from their corresponding conditional posterior distributions.
The full conditional density of the unknowns is obtained by regarding all other parameters in eq. (11) as known. The full conditional density of the macro-environmental effects given breeding values, residual variances and observations is
and the full conditional density of breeding values given macro-environmental effects, genetic (co)variances, residual variances and observations is
As shown by Wang et al. (1994b) , θ is drawn element-by-element in the study. When the Gibbs sampler is implemented for drawing one element of θ at a time, the scalar form for the fully conditional posterior distributions of θ is required and is
where θi is the ith element of θ, θ−i is a vector of θ with θi deleted, Cii is a diagonal element of the coefficient matrix in eq. (4), ai is an ith element of the right-hand side vector of eq. (4) associated with θi, and c−ii is a row vector obtained by deleting the ith element from the ith row of eq.(4). As a consequence, the conditional posterior distributions of θ eq.(16) can be expressed using the MME in eq.(3).
The full conditional posterior density of the ith residual variance is an independent scaled inverted chi-square density given macro-environmental effects, breeding values, υr ii , Sr ii and observations, and therefore, rii is expressed as
Finally, the conditional posterior density for the genetic (co)variance matrix is obtained as the scaled inverted Wishart distribution given breeding values, υg, Sg and observations, and this is expressed as
In this study, with the prior distributions of the (co)variance components assumed to be uniform, the values of the degree of belief parameter and scale parameters for the scaled inverted chi-square distribution of the residual variances were set to −2 and 0, respectively, and the values of the degree of belief parameter and scale parameter matrix for the scaled inverted Wishart distribution of the genetic (co)variance were set to −3 and 0, respectively, following Sorensen and Gianola (2002) .
Data analyses
Data and operational model
Using the Gibbs sampling scheme developed in this study, we analyzed the same two data sets of beef carcass traits as were analyzed by Arakawa and Iwaisaki (2008) . For fundamental statistics about the data, see Arakawa and Iwaisaki (2008) .
The macro-environmental effects considered were overall mean, fattening farms (122 and 96 levels for data sets A and B, respectively), years at slaughter (7 and 8 levels for data sets A and B, respectively), carcass market at slaughter (6 and 4 levels for data sets A and B, respectively), age at slaughter (mo) (linear and quadratic covariates) and degree of inbreeding of animal (linear covariate). The linear model also considered the animals' breeding values and residuals.
(co)variance components and genetic parameters
In this analysis, records of steer and female for the same trait were treated as those of the two different traits. The mth samples of additive genetic and residual variances of steer and female were g
11 , g
22 , r 12 . When we obtained the mth samples of the (co)variance components, the mth samples of heritabilities of steer and female, and genetic correlation between sexes can be obtained from
, and r
, respectively.
Computation
Computer programs to perform the current Gibbs sampling scheme were written in Fortran90, equipped with the Mersenne Twister random number generator (Matsumoto and Nishimura, 1998) which is a high-quality and fast random number generator. A single-site Gibbs sampler was run for 1,000,000 rounds, of which the first 100,000 were discarded as burn-in; afterwards, one-tenth of the rounds were retained. Using the samples, posterior means, medians and standard deviations of the marginal distributions were calculated. Marginal posterior distributions were estimated using the non-parametric kernel estimators by the KernSmooth package in the R software (Wand and Jones, 1995) . The mode of the posterior distribution was defined as a maximum point of the marginal posterior distribution constructed using the KernSmooth package. The boa package in the R was used for calculation of the 95% highest probability density intervals of the parameters of our interest based on the algorithm of Chen and Shao (1999) .
Results
Summary statistics (posterior means, modes, medians and standard deviations, and 95% highest probability density intervals of the marginal distributions) for the (co)variance components are presented in Table 1 for the two traits in data sets A and B. The means and medians of the marginal posterior distributions were similar to each other for both traits. For data set A, however, the mean was somewhat different from the mode in cases such as additive genetic variance of females (g22) for SFT. In this case, the posterior standard deviation was larger than the corresponding value of steers, resulting in a large 95% highest probability density interval. In data set A, the mean was also slightly different from the mode of the residual variance of females (r22) for BMS. Estimated densities for the (co)variance components of SFT and BMS in data set A are depicted in Figures 1 and 2 , respectively. For SFT, the marginal posterior distribution for the genetic variance component of females (g22) was found to be considerably asymmetrical with a large dispersion, compared with that of steers, because of relatively limited information for females contained in data set A. For BMS, the distribution for the residual variance component of females (r22) was very right-skewed with a longer, higher tail. Therefore, it is obvious that the differences between the means and modes of the cases such as those mentioned above were reflected by the features in the corresponding marginal posterior distributions.
For data set B, in which more data on each sex were contained, although less data were included on females, the marginal posterior distributions for the (co)variance components were totally less asymmetrical (not shown), resulting in a relatively good agreement between the corresponding mean, mode and median, as shown in Table 1 .
The estimates of the (co)variance components obtained in this study were generally similar to those estimated by Arakawa and Iwaisaki (2008) using the REML procedure. In particular, the posterior mode, rather than the mean or median, tended to be close to the REML estimate. For BMS in data set A, however, the REML estimates for females were closer to the posterior means Table 2 . Similarly with the case of the (co)variance components, the means for heritability were found to be slightly different from the corresponding modes, especially in Fig. 1 . Marginal posterior distributions of the genetic variance components for steer (g 11 ) and female (g 22 ) (a), the genetic covariance component between sexes (g 12 ) (b), and the residual variance components for steer (r 11 ) and female (r 22 ) (c) for subcutaneous fat thickness (SFT) in data set A. several cases. However, the marginal posterior distributions for the heritabilities of the two sexes and consequently the 95% highest probability density intervals in both the data sets overlapped considerably with each other. Marginal posterior distribution of the heritability of each sex for the beef marbling standard score in data set A is illustrated (Figure 3) . The marginal posterior distributions of the genetic correlation (rg) were found to be skewed in both data sets, as shown in Figure 4 , and the means and modes of these distributions differed slightly from each other, particularly in data set A.
Although the posterior point estimates of the heritability for each sex (h 2 s and h 2 f ) were slightly larger than the corresponding estimates using the REML procedure (Arakawa and Iwaisaki, 2008) , the differences were generally small. The heritabilities estimated with REML were closer to the posterior modes, except for BMS in data set A. In this case, the posterior mean, mode and median of the heritability for steers (h 2 s ) were 0.73, 0.78 and 0.73, respectively, and those for females (h 2 f ) were 0.84, 0.99 and 0.86, respectively, while the REML estimates were 0.69 and 0.80 for the steers and females, respectively. Taking into consideration the magnitudes of the standard errors of the REML estimates (0.09 and 0.17 for steers and females, respectively) Fig. 2 . Marginal posterior distributions of the genetic variance components for steer (g 11 ) and female (g 22 ) (a), the genetic covariance component between sexes (g 12 ) (b), and the residual variance components for steer (r 11 ) and female (r 22 ) (c) for the beef marbling standard score (BMS) in data set A. Table 2 . Posterior means, modes, medians and standard deviations (SD), and 95% highest probability density intervals (HPD) of the genetic parameters for beef carcass traits. and of the posterior standard deviations (0.10 and 0.12 for steers and females, respectively), no essential differences were found between the REML and Bayesian estimates of the heritability for BMS. The REML estimates of the genetic correlation between sexes (rg) tended to be close to the corresponding posterior mode or median. Most importantly, no substantial differences between the REML and posterior point estimates of the genetic correlation between sexes were found, taking into consideration the standard deviations of the Bayesian estimates and the standard errors of the REML estimates.
Discussion
One topic in animal breeding or evolutionary biology is the evaluation of quantitative traits that show sexual dimorphism. In the related studies, the genetic correlation between sexes as well as heritability of each sex is an important parameter of concern. In some cases, heterogeneous variances for genders are also of concern.
We here proposed a computational procedure of the Gibbs sampling scheme for the Bayesian method that is applicable to estimation of the relevant (co)variances and genetic parameters.
The present work is an extension of a Gibbs sampling scheme proposed by Wang et al. (1994b) , who assumed the homogeneous variances across classes. We here assumed a linear model with heterogeneous variances for each sex and also nil residual covariance between sexes, supposing that records of each sex are made under differing environmental conditions, as stated by Schaeffer et al. (1978) .
For the present setting, Schaeffer et al. (1978) derived a REML method using the MIVQUE algorithm for estimating the (co)variance components. Gianola (1986) then developed a computationally simpler REML procedure employing the expectation-maximization algorithm (Dempster et al., 1977; Harville, 1977) . Very recently, Arakawa and Iwaisaki (2008) derived a computational procedure of the AI algorithm for the REML estimation of the relevant (co)variances. However, these REML procedures require the generalized inverse of the coefficient matrix of the mixed model equations, and consequently need a very large memory space, especially with a large dataset such as that composed of many field records in applied animals. In contrast to this, the inverse of the coefficient matrix of the mixed model equations is not needed for the Gibbs sampler.
Thus, memory space only is needed to store the mixed model equations (Wang et al., 1994b) .
In this study, the relevant (co)variance components and genetic parameters for subcutaneous fat thickness and the beef marbling standard score in Japanese Black fattening steer and female cattle were estimated by the current Gibbs sampling scheme, calculating summary statistics for the marginal distributions. These estimates were compared with the corresponding REML estimates of the relevant (co)variance components and the genetic parameters provided by Arakawa and Iwaisaki (2008) . The current Bayesian approach worked well, and the estimates obtained were found to be generally comparable to those of Arakawa and Iwaisaki (2008) , taking into Jpn J Biomet Vol. 31, No. 2, 2010 consideration the estimated sampling variances. More strictly, the posterior modes rather than the means or medians tended to be close to the REML estimates of the (co)variance component.
From a Bayesian viewpoint, REML estimates are the elements of the mode of the joint posterior density of all variance components from which fixed effects (macro-environmental effects) are integrated out as nuisance parameters when flat priors are employed for all parameters in the model (Harville, 1974) . Therefore, the modes of the marginal distributions of our interest using Gibbs sampling are generally expected to be more similar to the corresponding REML estimates than the means or the medians, except for the genetic correlation, whose REML estimate is the joint posterior mode.
In this study, we used the scaled inverted chi-square distribution with degree of belief parameter of −2 and scale parameter of 0 as prior distribution of the residual variance of each sex, and the scaled inverted Wishart distribution with degree of belief parameter of −3 and a scale parameter matrix of 0 as prior distribution of the genetic (co)variance to obtain flat prior for the (co)variance components. The prior values, which researchers can arbitrarily choose, sometimes have a considerable influence on the results, as shown by Wang et al. (1994a) and Lin and Berger (2001) , whereas Blasco et al. (1998) showed the opposite case. These studies indicate that when data contain much more information about parameters than the prior information, the influence of the prior information would be little to the parameters of interest. In this study, the prior information could have a large influence on inferences, because of the limited size of datasets we used.
The REML procedure using the AI algorithm gives an approximate standard error of the genetic correlation between sexes using the delta method (Lynch and Walsh, 1998; Waldmann and Ericsson, 2006) , since it is difficult to compute the exact sampling variance. In contrast to this, the information that can be extracted using the Bayesian approach would be more useful. As demonstrated by the analyses of the actual data in this study, the marginal posterior distributions of the genetic correlation were shown to be skewed, with a longer tail in the negative direction.
The current Bayesian procedure would thus be useful in providing better interval estimation of the relevant parameters in addition to the handling of a large data set.
